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We study the string tension σ of quantum chromodynamics (QCD) in external magnetic fields B
by combining the quasi-particle treatments for quarks with the collective treatments for gluons. We
utilize the 1/Nc-expansion (Nc: number of colors) and the framework of Wilson’s strong coupling
expansion at long distance, and compare the resulting string tensions with the lattice data. The
effects of magnetic fields are taken into account through the dielectric functions, which are evalu-
ated from the one-loop polarization due to light flavor quarks with B-dependent effective masses
Mf(B) (f = u, d, s). All Landau levels are adopted in the calculations so that we can explore the
string tensions from weak to strong magnetic fields. For the effective quark masses, we use a simple
parameterization: Mf(B) = Mf(0) + CB |qfB|1/2 with qf the electric charge of a given flavor and
CB an adaptive parameter. We find that the parameter CB needs to be small, CB . 0.05, to
qualitatively reproduce the trends of lattice QCD results for 0 ≤ |eB| . 1.5 GeV2. The quantitative
agreement is found for CB ' 0 and the strong coupling αS ' 5 in the infrared.
PACS numbers: 11.30.Qc, 05.30.Fk, 11.30.Hv, 12.20.Ds
INTRODUCTION
The quantum chromodynamics (QCD) continues to re-
veal its rich structures in various extreme conditions, in-
cluding a quark-gluon plasma at high temperature and a
dense matter at high baryon density [1]. In recent years,
the main interests of QCD community have been greatly
extended to study the QCD matter in strong electro-
magnetic fields [2] or in fast rotation [3] which are both
realized in the relativistic heavy ion collisions. To men-
tion some, neutral pion superfluidity in parallel electric
and magnetic fields [4], the anomalous magnetovorticity
effect induced by the interplay between the magnetic and
rotational effects [5], etc. The QCD system with strong
magnetic fields may be also relevant to the interior of
neutron stars [6–8] and the early universe [9].
In addition to the phenomenological importance, QCD
in strong magnetic fields can be regarded as a useful lab-
oratory to test our understanding on the nonperturba-
tive aspects of QCD. The lattice QCD simulations do
not have the sign problem for this extreme condition,
and the numerical calculations have been performed up
to |eB| ∼ 3 GeV2 [10, 11]. This energy scale is much
larger than the typical QCD scale, Λ2QCD ∼ 0.04 GeV2,
and is beyond the achievable strength in realistic sys-
tems. The lattice simulations [12, 13] have confirmed the
(chiral) magnentic catalysis at zero temperature, a the-
oretical prediction that the chiral symmetry breaking is
triggered or enhanced by magnetic fields [14, 15]. Mean-
while, they also found unexpected phenomenon, inverse
magnetic catalysis [12, 13], in which the chiral symme-
try restoration occurs at a lower temperature for a larger
magnetic field. Several scenarios have been proposed to
explain this unusual phenomenon [16–21].
The magnetic fields also affect the confining forces be-
tween quarks. The static potential between a pair of
heavy quark and antiquark has been measured in the
lattice QCD simulations [10, 11]. For increasing B, the
confining force in the directions perpendicular to mag-
netic fields gets slightly stronger, while in the parallel
direction it becomes considerably weakened. Further-
more, the authors conjectured that at very large B the
string tension vanishes in the parallel direction, which
was named deconfinement magnetic catalysis. The key
to understand this behavior should be the dynamics of
quarks. In the directions perpendicular to the magnetic
field B = Bxˆ3, their motions are quantized into the Lan-
dau levels (LLs); and the quasi-particle energy becomes
Efn(p3) =
√
p23 + 2nBf +Mf(B)
2 (n = 0, 1, · · · ) where
Bf = |qfB|, p3 is the momentum along the B-direction,
and Mf is the effective mass of quarks which may change
with the magnetic fields. Upon the quantization in the
perpendicular directions, each LL has a degeneracy pro-
portional to Bf . Especially , if Mf(B) is not significantly
larger than ΛQCD, the lowest LL (LLL) can accommo-
date many quarks with low energy E ∼ ΛQCD, as con-
jectured in [17, 18] to explain the lattice result for the
chiral condensate [12, 13]: 〈ψ¯ψ〉 ∝ B for B > Λ2QCD.
The B-dependence of Mf should be important as well in
exploring the screening and string breaking effects which
are both long-range phenomena.
In this work, we study the anisotropy of confining
forces, and, more importantly, the interplay between
deconfinement magnetic catalysis and (chiral) magnetic
catalysis, paying special attention to the impacts of the
chiral effective masses on the string tensions. To compute
the string tensions, we use the Wilson’s strong coupling
expansion, assuming that the coupling constant is strong
enough at long distance. On the other hand, the eval-
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2uation of their modifications by magnetic fields will be
based on the quasi-particle picture for quarks. We take
the one-loop polarizations as the representative of such
contributions, which can be regarded as small corrections
in the limit of large Nc [22]. The polarization effect de-
pends on the B-dependence of effective quark masses, so
we test several parameterizations for the effective masses.
Provided that the effective masses do not grow rapidly
with B, our simple procedure turns out to well reproduce
the B-dependent quantities measured on the lattice. The
semi-quantitative success of this simple approach gives us
a hope to understand the nonperturbative aspect of QCD
in other extreme conditions, e.g. large baryon density.
We will use the following conventions in this paper:
The notations “ ‖ ” and “ ⊥ ” stand for the directions
parallel (along x0 or x3) and perpendicular (along x1 or
x2) to the external magnetic fields, respectively. For a
four-vector xµ = (x‖,x⊥), x2‖ = g
µν
‖ x
‖
µx
‖
ν = x20 − x23 and
x2⊥ = −x2⊥ = gµν⊥ x⊥µ x⊥ν = −x21 − x22. We often represent
positive constants by c or c′.
CONFINEMENT DYNAMICS
Dielectric functions at one-loop
We are interested in the color-electric flux tube be-
tween two opposite color charges. In energy momentum
space, the effective Lagrangian for the color-electric fields
in external magnetic fields should take the form:
LBeff =
1
2
∫
k
(
ξB‖ (k) (E
a
‖)
2 + ξB⊥(k) (E
a
⊥)
2
)
+ · · · , (1)
where
∫
k
=
∫
d4k/(2pi)4, “ · · · ” includes the color mag-
netic fields and higher orders of color-fields. The coeffi-
cients ξB‖ and ξ
B
⊥ are dielectric functions which take into
account the magnetic field effects through quark loops.
In vacuum, ξB=0‖ (k) = ξ
B=0
⊥ (k) = 1. For larger dielectric
functions, the color-electric fields cost more energy to be
excited thus prefer smaller amplitudes – this weakens the
string tension.
Let us estimate the dielectric functions and their dis-
parity at one-loop level. Thanks to the constraint from
the gauge invariant form, we only have to compute the
polarization function. There are three components
Πµν = ΠE‖P
µν
E‖ + ΠM⊥P
µν
M⊥ + ΠmixP
µν
mix , (2)
where PµνE‖ = g
µν
‖ −kµ‖ kν‖/k2‖, PµνM⊥ = gµν⊥ −kµ⊥kν⊥/k2⊥, and
Pµνmix = g
µν − kµkν/k2 − PµνE‖ − PµνM⊥ are projectors. For
each component i = (E‖, M⊥, mix), the effective cou-
pling in the presence of magnetic fields, (gBi )
2, includes
the quark-loop polarization effects and is given by
g20
1 + g20(Π
B=0
A+c+q + Π
B
q −ΠB=0q )i
=
g2(k2)
1 + g2(k2)(∆ΠBq )i
,
(3)
where ΠB=0A+c+q is the sum of the vacuum contributions
from gluons, ghosts, and quarks, g0 is the running
coupling at scale µ0 such that Π
B=0
A+c+q(µ
2
0) = 0, and
g2(k2) = g20/
(
1 + g20Π
B=0
A+c+q(k
2)
)
is the effective cou-
pling in vacuum. Then, the dielectric functions are given
by ξBi = g
2/(gBi )
2 = 1 + g2(∆ΠBq )i, where the effects of
magnetic fields are summarized in the UV-finite function
∆ΠBq = Π
B
q − ΠB=0q . In actual calculations, we assume
the vacuum coupling g2(k2) to freeze as a fixed constant
at some scale around µ0 ∼ 1 GeV [32] for the B domain
to be explored. More details will be discussed below when
we compare our results with the lattice data.
The quarks entering the loop have spins parallel or
anti-parallel to the magnetic fields and belong to LLs.
The interactions with gluons may cause the spin-flip;
there are two types of quark-gluon coupling∫
x
q¯γ‖taqA‖a ,
∫
x
q¯γ⊥taqA⊥a , (4)
where the first term is the spin conserving interaction,
while the latter is the spin flipping one.
At large B, the polarization of the gauge fields A‖ at
small momenta is dominated by the process in which both
quark lines are LLLs. Keeping only the LLL in the loop
for each flavor, the form of the polarization function for
A‖ is
Π4D,fµν (k) = Bf e
−k2⊥/(2Bf ) Π2D,fµν (k‖) + · · · , (5)
then the total polarization function is the sum of all
the three flavor contributions. There is an overall fac-
tor Bf associated with the Landau degeneracy, and the
exponential e−k
2
⊥/(2Bf ) is the conversion factor from the
plane wave bases to the LLL bases. The left part
Π2D,fµν (k‖) is the effective two-dimensional polarization
function, which only depends on k‖ and takes the fol-
lowing form [24]:
Π2D,fµν (k‖) ∼
P
E‖
µν
(4pi)2
{
ck2‖
M2f (B)
+ · · · , |k‖| Mf(B)
c′ + · · · , |k‖| Mf(B)
(6)
with 1/(4pi)2 typical for the loop integral. For |k‖| 
Mf , the result looks similar to that from the massless
Schwinger model [25]. On the other hand, in the in-
frared limit |k‖| → 0, the quark mass cutoffs the infrared
component so that Π2D,fµν (k‖) vanishes, i.e., no screening
mass is generated. But still the effective color-charge is
strongly renormalized.
As the gauge field A‖ is the ingredient of E‖, at large B
and for k⊥  Mf , Bf , the dielectric function approaches
the infrared limit as
ξB‖ (k)− 1 ∼ c
λ
(4pi)2Nc
Bf
M2f (B)
+ · · · , (7)
where λ = Ncg
2 is the ’tHooft coupling [22] and “ · · · ”
are terms from higher LLs of O(B0) according to the ex-
plicit B dependences. Unless the effective mass M2f (B)
3grows linearly with B, the dielectric function ξB‖ can be
large. Below we assume that the leading corrections
λBf/(NcM
2
f ) are small enough to avoid the β-function
to change sign. In more realistic treatments with the
renormalization group (RG) improvement, the vacuum
coupling g is replaced by a smaller screened coupling
gB , which is then frozen at the fixed point before the
β-function flips the sign. In general, we expect that our
one-loop calculations overestimate the magnitude of ξB‖ .
On the other hand, the inclusion of higher order loop ef-
fects will not modify the basic structure of Eq.(7) except
the coefficient of Bf/(NcMf). For this reason we take the
one-loop results as the representative of the leading 1/Nc
corrections.
The color-electric fields E⊥ contain A0 and A⊥, and
the corresponding polarization function is Πmix. This
contribution inevitably involves higher LLs, since the
spin-flipping process would excite quarks from the LLL
to the higher LLs. The infrared cutoff of ξB⊥ is not M
2
f (B)
anymore, rather, M2f (B) + 2nBf with n ≥ 1. So we have
in the infrared limit,
ξB⊥(k)−1 ∼
λ
Nc
(∑
n=1
cBf/(4pi)
2
M2f (B) + 2nBf
−ΠB=0q
)
. (8)
Actually, due to the absence of LLL, the contributions
with finite magnetic fields are smaller hence ξB⊥ < 1. In
this case, the low energy processes with effective trans-
verse momentum p⊥  Bf are excluded in the first term,
but not in the second one. As the effect of higher LLs
is usually suppressed due to the larger transverse kinetic
energy compared to LLL, we expect that ξB⊥(k) changes
more mildly than ξB‖ (k) with either k or B.
After these qualitative analyses for very large magnetic
fields, we now switch to the full one-loop expressions in-
cluding all LLs, which allows us to study the transient
regime from small to large magnetic fields. The expres-
sions are (i = ‖,⊥) [26, 27]
ξBi (k) = 1 +
λ
2(4pi)2Nc
∑
f=u,d,s
∫ ∞
0
ds
s
∫ 1
−1
du
[
e
−s
(
M2f (B)− 1−u
2
4 k
2
‖+φ(sBf ,u)k
2
⊥
)
Ni(sBf , u)− e−s
(
M2f (0)− 1−u
2
4 k
2
)
(1− u2)
]
,
N‖(x, u) = x coth (x)
(
1− u2) , N⊥(x, u) = x
sinh (x)
[ cosh (xu)− u sinh (xu) coth (x) ] , (9)
where s and u originate from the variable transformations
of the proper-times involved in the two quark propaga-
tors of the loop. The difference between ξB‖ and ξ
B
⊥ is
summarized in the functions N‖ and N⊥, and
φ(x, u) =
cosh (x)− cosh (xu)
2x sinh (x)
. (10)
In the UV limit (x → 0), the asymptotic behaviors of
these functions are
Ni → 1− u2 , φ→ 1− u
2
4
, (11)
with which one can ensure that the UV divergence from
the domain s ∼ 0 cancels in Eq.(9). Meanwhile, in the
IR limit (x→∞),
N‖ → x(1− u2) , N⊥ → (1− u)x e−(1−u)x , φ→ 1
2x
.
(12)
Using these expressions, one can recover the behavior of
Eq.(7) from the domain s ∼ ∞.
To evaluate the dielectric functions Eq.(9), we consider
the following schematic parameterization for the effective
quark masses:
Mf(B) = Mf(0) + CBB
1/2
f (13)
with CB(≥ 0) a common dimensionless parameter for
all flavors. Which term dominates in Eq.(13) depends
on the strength of nonperturbative interactions [28]. We
take the effective quark masses in vacuum as Mu(0) =
336 MeV,Md(0) = 340 MeV, and Ms(0) = 486 MeV [29].
Shown in Fig.1 are the dielectric functions ξBi ’s as
functions of the corresponding momenta: For the ξB‖ (k)
(ξB⊥(k)), we take k = k3 (k = k⊥) by setting k0 = k⊥ = 0
(k‖ = 0). The vacuum coupling constant αS = g20/4pi = 5
and the magnetic field eB = 1 GeV2 are chosen for illus-
tration. The dielectric functions are sensitive to magnetic
field and mass parameter in the infrared region k ∼ 0;
meanwhile at large momenta k ∼ 1 GeV, they approach
the same vacuum value as expected. The numerical cal-
culations also confirm that our qualitative analyses, ac-
cording to the presence (absence) of LLL in Eq.(7) [(8)],
capture the trends of the results employing all Landau
levels.
Anisotropic confinement
On the lattice, the string tension has been analytically
computed in the strong coupling expansion [30]. The
leading order formula is given by [31]
σ0 = a
−2 ln
[
Ncg
2(a)
]
, (14)
where σ0 is the string tension in vacuum, a is the lattice
spacing, and g(a) is the corresponding coupling. Since
4CB=0
CB=0.05
CB=0.1
αS = 5, eB=1 GeV2
ξB
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FIG. 1. The dielectric functions ξB‖ (k = k3) (> 1) and ξ
B
⊥(k =
k⊥) (< 1) as functions of the corresponding momentum k
for different coefficients CB = 0, 0.05 and 0.1. The coupling
constant in vacuum and the magnetic field are chosen to be
αS = 5 and eB = 1 GeV
2, respectively.
the expression is valid only for large coupling, we must
regard the scale a−1 to be sufficiently infrared; in other
words, we must start with the action in which the RG
evolution has been carried out to low enough energy.
Inspired by this formula, we estimate the ratios of the
string tensions with and without magnetic fields as
σBi
σ0
=
ln
(
λ/ξ¯Bi
)
lnλ
= 1− ln ξ¯
B
i
lnλ
. (15)
Here, we take ξ¯Bi to be a constant, ξ
B
i (k → 0), as only
infrared dynamics is important for confinement. The
modifications of the string tensions originate entirely
from the effective couplings g2/ξ¯Bi . Actually, the di-
electric functions ξ¯Bi affect the string tensions only log-
arithmically, which tempers the modifications at large
B. Meanwhile, the logarithm at small B behaves as
ln(1 + g2∆ΠBq ) ' g2∆ΠBq .
Our treatment would have a solider theoretical ground
in the large Nc limit: 1  λ  Nc, for which the ratio
behaves as
σBi
σ0
→ 1− λ
Nc lnλ
(
∆ΠBq
)
i
. (16)
The 1/Nc counting allows us to evaluate the string ten-
sion σ (leading order in Nc) and fermion loop effects ξ¯
B
i
(1/Nc-corrections) differently in the context of coupling
g expansion: the former requires the strong coupling
picture while the latter is based on quasi-particle pic-
ture. These seemingly contradicting treatments are self-
consistent if the quark loop corrections, of order λ/Nc,
can be regarded as small.
Now we fix the number of color Nc = 3 and compare
our results for σB‖ and σ
B
⊥ based on the formula Eq.(15)
with those from lattice QCD [11]. We constrain ourselves
to the range 0 ≤ eB ≤ 1.5 GeV2 beyond which the lattice
αs=1αs=3αs=5αs=7
CB = 0 σ⊥B
σB
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0.8
0.9
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σB /σ 0
FIG. 2. The longitudinal and transversal string tensions σB‖
and σB⊥ as functions of magnetic field B. We take constant
quark masses by setting CB = 0 and the coupling constant is
varied from αS = 1 to 7. The shadowed yellow bands are the
continuum limits extrapolated from the lattice data [11].
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FIG. 3. The same plot as Fig.2 except that we fix the coupling
αS = 5 and change the mass parameter CB from 0 to 0.2.
results indicate that the string breaking effect becomes
significant and the range of linear potential part is short
– in such domain, the concept of string tension seems
somewhat obscure to us. Another reason for choosing
this range is that our expansion in Eq.(16) would become
invalid at too large B such that λB/Nc & 1.
Shown in Fig.2 are the string tensions as functions of
B with fixed mass parameter, Mf(B) = Mf(0). As one of
the biggest uncertainties in our analyses is the choice of
the coupling constant αS , we vary it in a wide range from
1 to 7, refer to the review [32]. The qualitative trends of
the lattice results, σB‖ < σ0 < σ
B
⊥ , are captured for all
couplings, and the quantitative agreements can be found
for αS = 3, 5, and 7. Next, shown in Fig.3 are the same
quantities as Fig.2, but now we fix αS = 5 and change the
5parameter CB from 0 to 0.2. For large CB (& 0.05), the
B-dependent terms CBB
1/2
f of the quark masses over-
suppress the screening effects from quarks in the weak
B region, which renders the string tensions incompatible
with the lattice results.
SUMMARY AND DISCUSSIONS
In this letter, we have developed a simple framework
to estimate the magnetic field dependence of the con-
finement dynamics. We estimate the dielectric functions
based on the quasi-particle picture, which is valid at large
Nc, and take the one-loop results as the representative of
such contributions. The dielectric functions enter the for-
mulas for string tensions obtained in the strong coupling
expansion and appear in the logarithmic forms. Numer-
ical calculations at Nc = 3 of our formula seem to cap-
ture the tendency of the lattice results, provided that
the effective quark masses do not radically grow with the
magnetic fields.
Our framework combines the quasi-particle treatments
for quarks with the collective dynamics of gluons. A
framework of this sort may have a variety of applications,
such as the system with external electric fields, rotational
systems, and matter at high baryon density. We hope
that further sophistication of the present framework will
enable quantitative understandings of such systems.
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